ESTIMATES FOR THE ENERGY DENSITY OF CRITICAL 
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Abstract. We show that the energy density of critical points of a class of 
conformally invariant variational problems with small energy on the unit 2- 
disk Bi C lies in the local Hardy space h^{Bi). As a corollary we obtain a 
new proof of the energy convexity and uniqueness result for weakly harmonic 
maps with small energy on Bi . 



1. Introduction 

Let A/" be a closed (i.e. compact and without boundary) Riemannian subnian- 
ifold of R". The Dirichlet energy of a W^'^ map u : Bi ^ M from the 2-dimensional 
unit disk Bi = Bi(0) C is defined by 

(1.1) E{u) = 11 IVupdx. 



A weakly harmonic map u from Bi into TV ^ K." is a map in M^^'^(i3i, M"), which 
takes values almost everywhere in M and solves the Eulcr-Lagrange equation 

(1.2) (A^.)^ = 0, 

where u = (w^, u"), A = X]i=i Laplacian in and the superscript 

T denotes the tangential part of a vector. The Euler-Lagrange equation (1.2) can 
equivalently be written as 

(1.3) - Au = A{u){Vu,Vu) , 

where A{u) is the second fundamental form of A/" ^ R" at the point u. We point 
out that it is not important that the source domain Bi C R^ is flat in this work. 
Indeed, using the conformal invariance of (1.1) resp. (1.3), we could instead work on 
any domain that is conformally equivalent to Bi, for example, a simply-connected 
open subset of any general Riemannian surface. 

Using a so called Coulomb or moving frame, Helein (see e.g. [He02]) proved the 
interior regularity of weakly harmonic maps. Later, Qing [Qi93] showed continuity 
up to the boundary in the case of continuous boundary data based on Helein's 
technique. More recently. Riviere [Ri07] succeeded in writing the Euler-Lagrange 
equation of every conformally invariant Lagrangian (which includes (1-3)) in the 
form: 

(1.4) - Am* r^j • Vu^' i=l,2, or - Aw = • Vu , 
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with O = (r2j)i<jj<„ e L^(i3i, so(n)(g)A^R^), i.e. fij- = -fi^. Here and throughout 
the paper, the Einstein summation convention is used. In particular, this special 
form of the nonlinearity enabled Riviere to obtain a conservation law for this system 
of PDE's (see (3.7) below), which is accomplished via a technique that we call 
Riviere's gauge decomposition, sec Section 3. Riviere's gauge decomposition will 
also be the main tool of our work. 

Equation (1.4) generalizes a number of interesting equations, including the har- 
monic map equation (1.3)), the i7-surface equation and, more generally, the Euler- 
Lagrange equation of any conformally invariant elliptic Lagrangian which is qua- 
dratic in the gradient. We remark that the harmonic map equation (1.3) can be 
written in the form of (1.4) if we set 

(1.5) Vt) [A\u)j,i-A^{u),^i]Vu'. 

Using the conservation law mentioned above. Riviere proved the (interior) continu- 
ity of any W^''^ weak solution u of (1.4). 

The underlying reason for Riviere's argument to work is that equation (1.4) can 
be rewritten in the form 

(1.6) div(^Vw) = V^S-Vu, 

where A G L°° n W^-'^{Bi,Gln{^)) and B e VKg '^(Bi, M„(M)). Here and in what 
follows we let V = {dx,dy) be the gradient and = {^9y, dx) denote the orthogo- 
nal gradient (i.e., V-*- is the V-operator rotated by 7r/2). The right hand side of this 
new equation (1.6) lies in the Hardy space T-L^ by a result of Coifman, Lions, Meyer 
and Semmes [CLMS93]. Moreover, using a Hodge decomposition argument, one can 
show that u lies locally in W'^'^ which embeds into C° in two dimensions. For de- 
tails see Section 3. The key to this fact is a special "compensation phenomenon" for 
Jacobian determinants (e.g. the right hand side of (1.6)), which was first observed 
by Wente [We69], see also Lemma A.l. These Wente type estimates have many 
interesting applications, sec e.g. [Wc69, BC84, Ta85, CLMS93, Hc02, Ri07, Ri08]. 
Recently, Sharp and Topping [STll], proved some interesting interior estimates for 
solutions of (1.4) and they even obtained a compactness result for sequences of 
solutions. 

A similar approach was used by Riviere and the first author [LR08] in order to 
show the regularity of solutions of certain fourth order systems of PDE's which 
include intrinsic and extrinsic biharmonic maps. 

Another interesting question is the uniqueness of weakly harmonic maps. Cold- 
ing and Minicozzi recently showed the following energy convexity result for weak 
solutions of (1.3) with small energy on Bi. 

Theorem 1.1 ([CM08-1]). There exists constant eo > depending only on M 
such that if u,v G W^''^{Bi,M) with u\qbi ~ v\ijBn E{u) < Eq, and u is weakly 
harmonic, then we have the energy convexity 




An immediate corollary of Theorem 1.1 is the uniqueness of solutions of the 
Dirichlet problem for weakly harmonic maps with small energy on Bi . 
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Corollary 1.2 ([CM08-1]). There exists Eq > such that for all weakly harmonic 
maps u,v G W^''^{Bi,J\f) with energy E{u), E{v) < Eq and u ~ v on dBi we have 
u = V in Bi. 

The key ingredient in Colding and Minicozzi's proof of Theorem 1.1 is a special 
Jacobian structure of the squared norm of a certain holomorphic function that 
Helein constructed in [He02] . This holomorphic function bounds the energy density 
|Vitp from above. In particular, although Colding and Minicozzi didn't use this 
fact explicitly, this implies that the energy density |Vwp lies in the local Hardy 
space h^{Bi). This implies that for weakly harmonic maps with small energy the 
quantity |Au| (< C|Vup by the harmonic map equation (1.3)) lies in the local 
Hardy space. This improved information is the key fact in order to prove (1.7). 

We remark that global estimates on the whole disk are needed in order to prove 
results such as the energy convexity On the other hand, without imposing any 
regularity on the boundary data, global estimates are very difficult to obtain. In 
this paper we show that a global estimate in the local Hardy space h^{Bi) (sec 
Definition A. 3, cf. [Sc94]) for the energy density |Vup is valid for a more general 
class of non-linear systems of second order elliptic PDE's. Throughout the paper 
Eo > is assumed to be sufficiently small and C denotes a universal constant that 
depends only on Af unless otherwise stated. Our main result is the following 

Theorem 1.3. Let Af ^ M" be a closed Riemannian submanifold with a C^-^ 
metric. There exists a constant Sq > 0, depending only on Af, such that if u e 
M^^'^(-Bi, A/") with E{u) < Eq is a weak solution of 

(1.8) -Au = r2-Vu 

where ft = (^■)i<jj<,i G L'^{Bi,so{n) ® A^R^) and if 

n 

(1.9) n) =Y,f]i^u'+g]i^^u' with f]i = -fl,g]i = -gf^ ; 

1=1 

(1.10) Wfh^iB,) + W^fhHB,) + Wgh^iB,) + \\^9\\lhb,) < c, 

then we have 

(1.11) \\/ufeh\Bi) and || |Vw|2||fti(B^) < C / iVitj^ < Ceq . 

Jbi 

We point out that Theorem 1.3 applies to critical points of a large class of elliptic 
conformally invariant variational problems in dimension two (see [Ri07, Theorem 
1.2]). More precisely we have 

Corollary 1.4. Let Af ^ K" be a closed Riemannian submanifold with a C^'^ 
metric. Let uj be a C^'^ 2-form on Af such that the Lipschitz norm of duj is bounded 
on Af. Then every critical point in W^''^{Bi,Af) of the Lagrangian 

(1.12) F{u) ^ / [iVul^ +uj{u){dxu,dyu)]dx Ady 

JBi 

satisfies equation (1.8) with 

(1.13) n) = [A\u)^j - A^{u),j]W + i[AXu)j,i - XHu),j]WW , 
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where A and A are in C^(7V, A/„(R) ® A^R^)) satisfying 

n 

^ A^iVu^ = and X] i = d{T:lfUj){ei,ej,ei) 

where irj^f is the orthogonal projection onto M in a small tubular neighborhood of 

M and {£i\i=i „ is the canonical basis ofW^. If additionally we have Eiu) < Sq 

then 

(1.14) \Vu\''eh\Bi) and \\\Vu\''\\hi(^B^) < C f \Vu\^ < Ceo . 

JBi 

Remark 1.5. Wc remark that Corollary 1.4 includes the case of the prescribed mean 
curvature equation in R'^: 

(1.15) -Au = -2H{u)dxuAdyU 
if \\H\\wi.'^(Bi} < oo- 

Remark 1.6. In [Linl2], using similar techniques, the second author proved an 
energy convexity along the harmonic map heat flow with small initial energy and 
fixed boundary data on Bi . In particular this yields that such a harmonic map 
heat flow converges uniformly in time strongly in the M^-'^'^-topology, as time goes 
to infinity, to the unique limiting harmonic map. 

Our approach to the proof of Theorem 1.3 is based on Riviere's gauge decom- 
position. An immediate application of Theorem 1.3 is a new proof of Colding and 
Minicozzi's Theorem 1.1 and Corollary 1.2. 

The paper is organized as follows. In Section 2 we present some heuristic ar- 
guments and elaborate on the motivation of this paper. In Section 3 wc review 
the main tool of our proof, namely, Riviere's gauge decomposition technique. In 
Sections 4.1 and 4.2 we show improved estimates for the matrices B and P which 
are the two main ingredients of our proof. We finish the proof of our main theorem 
in Section 5. In Appendix A we include some results about local Hardy spaces. 



2. Heuristic arguments and motivation 

We present some heuristic arguments and sketch the basic idea of the proof of 
Theorem 1.1 in this section. In order to prove the energy convexity result (1.7), 
i.e., 

(2.1) i / |V^;-Vup < / |V,f - / \Vu\\ 

J B\ J B\ J B\ 

it suffices to show 

(2.2) * > / 
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where (using that u\dBi = v\gBi and the harmonic map equation (1.3)) 

•J Bi J Bi J B\ 



-2 I {Vv-Vu,Vu) 

J Bi 



(2.3) =2/ (w-ii, A(w)(Vu,Vw)). 

J Bi 

Now we note that for any p,q £ J\f, there exists a constant C > 0, depending 
only on M, such that |(p — q)-'-] < C\p — q\^, where the superscript _L denotes the 
normal component of a vector (see e.g. [CM08-2. Lemma A.l]). Therefore, using 
A(m)(Vu, Vu) _L TuN and the Cauchy-Schwarz inequality, (2.3) yields 



(2.4) 



■^>'C( \[v- u)^\\\/u\^ >~'^[ I" - uf\\7uf . 

Jbi Jbi 



Since eo can always be chosen to be sufhciently small, we know that (1.7) will 
be achieved if we can show the following lemma. 

Lemma 2.1. Let u,v be as in Theorem 1.1. Then we have 

(2.5) / \v~u\^\Vu\^ <C I \Vu\^ I \Vv^Vuf<Ceof \Vv-Vu\^. 

J B\ J B\ J B\ J B\ 

In the following lemma we verify (2.5) under some extra assumption. 

Lemma 2.2. Let u, v be as in Theorem 1.1 and suppose that we can find a solution 
V'G W'(}''nL°°(Bi) of 



AtP = |Vup in Bi , 
■0 = on dBi , 



(2.6) 

which satisfies 

(2.7) Uh^iB,) + I1VVI1l^(bo <cf \\/u\^ < Ceo ■ 

JBi 



Then Lemma 2.1 holds. 



Proof. The following proof is taken from [CM08-1]. Substituting (2.6) into the 
left-hand side of (2.5) yields (using also that v = u on dBi) 

I \v - u\^\\/u\^ ^ f \v-u\^Ai:< f IVIv-uHIVtM 

•/ Si tJ B\ J B\ 

(2.8) -^(/ 1^^-^"!') ' (/ k-^nv?M' 

where we have applied Stokes' theorem to div(|w — -upV?/') and used the Cauchy- 
Schwarz inequality. Now applying Stokes' theorem to divd?; — u\^ ijiW if}) and using 
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1/2 




j <4||7/;||l- 









that Atp > and (2.8), wc have 

|f-unVVP< / |7/'|(|w-upAV'+ IVIw-mHIW'I) 

(2.9) <m\\L^(^J^ |V«-VMp^ ^ (^J^ \v~u\^\Vij\''^ 
and therefore 

(2.10) K--unv^f 

Finally, substituting (2.10) back into (2.8) and combining with (2.7) (and choosing 
So sufficiently small of course) yields 

(2.11) / Iw-uHViip < CIIVIIl- /" \Vv-Vu\'^<c( \Vu\^ f |Vw-Vu|2, 

B\ J Bi J Bi J B\ 

which is just (2.5). □ 

Therefore, everything boils down to validating the assumptions in Lemma 2.2, 
i.e., the existence of a function -0 satisfying (2.6) and (2.7). In the light of the 
regularity Theorem A. 4 it will be sufficient to show that jVitp is in the local Hardy 
space h}(B\) (with estimates) and this is exactly the claim of our main theorem 
1.3. 

3. Riviere's gauge decomposition 

Following the strategy of Uhlenbeck in [Uh82] , Riviere [Ri07] used the algebraic 
feature of fi, namely f2 being antisymmetric, to construct ^ G W^^^iBx^ so{n)) and 
a gauge transformation matrix P € W^''^r\L°"{Bi, SO{n)) (which pointwise almost 
everywhere is an orthogonal matrix in M"^") satisfying some good properties. 

Theorem 3.1. ('[Ri07; Lemma A.3]J There exist e > and C > such that for 
every fl in L^{Bi, so{n) ® A-'M^) satisfying 

Bi 

there exist ^ G W^''^{Bi, so{n)) and P € W^''^{Bi, SO{n)) such that 

(3.1) V^C = P'^VP + P^flP inBi with C = ondBi, 
and 

(3.2) l|Ve|lL^(B,) + !|VPiU2(B,) < CMl^b,) ■ 

Here the superscript T denotes the transpose of a matrix. 

Remark 3.2. Multiplying both sides of equation (3.1) by P from the left gives that 
(with indices and 1 < m, z < n) 

(3.3) VP; = PL^^CT ^KPh l<^.3<n. 
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Remark 3.3. Besides Uhlenbeck's method there is another way to construct the 
gauge tranforniation matrix P, namely one can minimize the energy functional 

(3.4) E{R) = [ \R^\/R + R^nR\^ 
among aU R € VV^'^iBi, SO{n)), sec e.g. [Ch95] and [SclO]. 

Another key result from Riviere's work is the following theorem. 

Theorem 3.4. ('[Ri07, Theorem 1.4] j There exist e > and C > such that for 
every fl in L^{Bi, so{n) ® A"'"R^) satisfying 

< e, 

Bi 

there exist A <E W^'^ D C°{Bi,Gln{M.)), A = {A+Id) P'^ e L°° W^'^{Bi,Gln{M.)) 
and B e M„(R)) such that 

(3.5) VA- AVL = V^B 
and 

(3.6) + + < C\\n\\L^i^B,) ■ 

Combining (3.5) with (1.4) gives the conservation law 

(3.7) div (AVu + BV^u) = 0. 
In particular, (3.7) yields 

div (AVu) = -VB • V^it 
curl {AVu) = V^A ■ Vu . 

Now using the Hodge decomposition (see e.g. [IMOl, Corollary 10.5.1]) wc get the 
existence of £» G Wl''^{Bi,W) and E e W^^'^{Bi,W) such that 

(3.9) A\/u^VD + V^E 

with 

\\VD\\l^b,) + \\VE\\l2^b,) < C||Vm||l2(b^). 

By (3.8) we have 

' AD = -VB-V^u 
AE = \/^A-\/u. 



(3.8) 



(3.10) 



Then by the results of [CLMS93] and via an extension argument, Riviere obtained 
that 

(3.11) D,Eg W^^^iBi) and therefore u e W^^^{Bi) ^ C°{Bi). 

Combining the fact that D = on dBi with Wente's lemma A.l and Remark A. 2 
moreover yields 

(3.12) \\D\\l^^b^) + \\\/D\\l2.i^b,)<C f \Vu\^<Ceo, 

JBi 
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where the Lorentz space L^'^{Bi) is defined as the set of ah measurable functions 
such that the norm 

/•OO 



/•OO 

|u|U2,i(s,) / \{x&Bi: \u{x)\ > t}\^/^dt 
Jo 



is finite. 



4. Hidden Jacobian structures 

Our main observation in this section are two hidden Jacobian structures for AB 
and AP in the case that il is as in Theorem 1.3. 

4.1. Improved global estimate on the matrix B. We first show that B is 
close to the zero matrix if E{u) < Eq is sufficiently small. Note that in the case of 
harmonic maps into a round sphere, a straightforward calculation shows that 

and therefore 

Combining this with the fact that B = on dBi and Wentc's lemma A.l yields 

\\B\\l^^b,)<C f |Vup<Ceo. 

In the following we show that a similar result remains true for the class of systems 
satisfying the assumptions of Theorem 1.3. 

Proposition 4.1. Under the assumptions of Theorem 1.3 we have 

(4.1) \\B\\L^(B^) < C\\Vu\\l2^b,) < Cs/To. 

Proof. We recall that VI is given by 

Moreover ||f^|||2(^j) < Ceq by the assumptions. In the following we let Eq be so 
small that Theorems 3.1 and 3.4 apply. By (3.9) we have 

(4.2) V^u = A-^V^D - A-^VE . 
Namely, with indices we have 

(4.3) V^u' = (A-1);„V-Ld"- (A-i);„V£;™, / = l,2,...,n. 

Taking the curl on both sides of equation (3.5) and using the above expression for 
V^u yields (for 1 <i,i <n) 

AB] = - curl (A^r!^) = -curl (AU/^l Vzi' + 3^ V^«')) 

= - V^(AUji) • V^' - curl {A\,g%{{A'^ty^D"^ - {A-'tyE^) 

(4.4) = - V^(AUjl) . ^u' + ^^{^^g%{A-^)l) ■ VB- 

-div(A^,5l/((^'')LVB"). 



ESTIMATES FOR THE ENERGY DENSITY 



9 



Next we let F^^G] e Wo'^(Bi) be solutions of 

AF;^- V^iAlf^i) ■ Vu' + V^(A^4(A-1):J . Vi?" resp. 
AG}=-div {Alg^,{{A-')l\7D"^). 
Using Lemma A.l we get the estimate 

Next we note that ||4g|,((^-i)5„Vi?"|U2,i(B,) < C\\V D\\L2.i^Br) < C\\Vu\\l2^b^) 
and hence, using Theorem 3.3.3 of [He02] (which implies that the standard L^- 
theory extends to Lorentz spaces), we furthermore get 

||VG}||i2,i(B,) < C\\Vu\\l2^b,)- 

By Theorem 3.3.4 in [He02] we conclude that 

<C(||G'j-||i2,i(Bi) + ||VGj||i2,i(Si)) 

<G||Vu||i2(B^), 

where we used again Theorem 3.3.3 of [He02] (which ensures that the Poincare's 
inequality extends to Lorentz spaces) and the fact that G* = on dBi in the second 
estimate. 

Combining these estimates and using that _Bj = Fj + Gj gives 

\\B}\\l^(b,)<C\\Vu\\l2^b,)- 

Note that in the case = the proof simplifies since we don't need to use 
Lorentz spaces in order to get the desired result. □ 

Corollary 4.2. Under the assumptions of Theorem 1.3 there exist a G W^'^{Bi, A'/„(M)) 
and b G W^''^{Bi,M.") such that 

(4.5) Am = Va • in Bi 

and 

l|Va||i2(B^) + ||V6||l2(Bi) < C\\Wu\\l2(b^)- 
In particular u is continuous in Bi . 

Proof. Equation (3.7) and the above estimates for the L°°-norms of A and B imply 
the existence of g W^''^{Bi,W) such that 

||V77|U2(B^) <G||Vu|U2(B^) 

and 

(4.6) = AVit + BV-^u. 
Multiplying this equation with A^^ and taking the divergence yields 

(4.7) Am' = y{A-^)i ■ V-Lyy'^ - V{A-^B)i ■ V^u^ , / = 1, 2, n . 

The continuity of u now follows from Wente's lemma A.l. □ 
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4.2. Improved local estimate for the matrix P. We next show that AP also 
has a special Jacobian structure under the assumptions of Theorem 1.3. 

Lemma 4.3. Under the assumptions of Theorem 1.3 there exist ^ G Wq '^{Bi, so{n)), 
ri e W^^^{Bi,R") and Qk,Rk e W^'^{Bi,GlniR)),k = with 

l|VC||L^(i30 + W^vWlhb,) < C\\S/u\\l2^b^) 



and 



J2{\\yQk\\mB,) + \\yRk\\L^B,)) <c 



such that 

(4.8) AP = VP • V^C + VQfc • V^T]'' + VRk ■ V^u'= . 

Proof. Taking the divergence on both sides of equation (3.3) yields 

(4.9) AP; = V/^, • V^^f - div (O; Pf ) , l<t,j<n. 

Now combining ft], = fl{^u^ + g^jV^vl' with equation (4.6) gives 

Ap; - VP,; • v^cf - div {nip^) 

^VP^-V^er-div [fli [{A'^){VW - {A-^B)iV^u^] Pf + gUX/^u' Pf] 
= VP4 • V^er - V [fliP!{A~^){] ■ V^r;^- + V [/:;P,^(A-ip)y • V^«^ 

Defining (Qk)^ = -fl^P^{A-% and {Rk)) = fliP!{^'B)i-gliP^ where 1 < 
k,i,j < n, completes the proof. □ 

Next, based on Lemma 4.3, we prove a local estimate on the oscillation of the 
matrix P. As we shall see, the Jacobian structure of AP enters in a crucial way. 

Lemma 4.4. Let u and 51 satisfy the assumptions of Theorem 1.3. Then for any 
X €z Bi, any r > such that B2r{x) C Pi and any y e Br{x) we have 



(4.10) \P{y)-P{x)\ <C^o. 

Proof. Let P G iyi'2(Pi, A/„(R)) be the weak solution of 

f AP = VP • V^e + VQfe • V^ri^ + VPfc • V^u^ in Pi , 

(4.11) <^ ^ 

[ P = on aPi , 

where Qk and Rk are as in Lemma 4.3. 

Then by Wente's lemma A.l we have P € C°(Pi, Af„(R)) and 

(4.12) ||P|U,^(B,) + I|VP|U2(B0 < cv^. 

Since A(P - P) = in Pi, we know that V ^ P - P e C°°(Pi, A/„(R)) is 
harmonic. Now for any x G Pi, any r > such that B2r{x) C Pi and any 
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y G Br{x) we have 

\V{y)~V{x)\ <Cr||VF||i^(B.(.)) 

(4.13) <C\\VV\\mB,A.)) 

<c{\\WP\\l-^b,Ax)) + \\^P\\lHb,a-))) < CV^, 

where we used the mean value property of V and (4.12), (3.2). Combining (4.12) 
and (4.13) yields that for any x £ Bi, any r > such that B^rix) C Bi and any 
y G Br{x) we have 

(4.14) \P{y)-P{x)\ < Cy^, 

which gives the desired result. □ 

5. Proof of Theorem 1.3 

With the results of section 4 at our disposal, we are now in a position to prove 
Theorem 1.3. The local estimate on the oscillation of the transformation matrix P 
in Lemma 4.4 turns out to be the key ingredient of our proof. 

Proof, (of Theorem 1.3) Using Theorem 3.1, Theorem 3.4 and Proposition 4.1, for 
any x G Bi, any r > such that B2r{x) C i?i and any y £ Br{x) we have (choosing 
Ea sufficiently small) 

< ^|Vup(j/) < [AVu + BV^u) ■ {P'^Wu){y) 

(5.1) = {AVu + BV^u) ■ [{P'^{x) + {P'^ - P^{x))) Vm] (y) , 
and therefore by Lemma 4.4 and (4.6) 

V^rj ■ {P^{x)Vu) (y) = {AVu + BV^u) ■ (P'^(.t)Vw) [y) 

(5.2) >]^\VuWy) - {AVu + BV^u) ■ [(P^ - P^(x)) Vu] (y) > -^\Vu\^{y) . 
Now we choose a function 

(5.3) G C^(Pi) with > 0, spt(0) C Si, = 2 on P3, and / <f)dx = l. 

" Jbi 

Moreover, we additionally assume that || V^H^ocf^^) < 100. Using (5.2), one verifies 
directly that (using Definition A. 3) 



= / sup (/)t * IVwI^da; 

J Bi 0<t<l-|a;| 

< 4 / sup (fit* {V^V ■ iP^ix)Vu)) dx 

JBi 0<t<l-|i: 

= 4 / sup * [iP^ix))^J {V^rf ■ Vu^)] dx 

J Bi 0<t<l-|2- 
n 

<c J2 w^w-^u^h^B,) 

<c||v^7;IU.(B,)||V7.|U2(B^) <c f |Vwp, 

JBi 
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where we have used the fact 

V-^T?* • \/u^ e h\Bi) and ||V^ry' • ^u^\W(b,) < C\\\/7^\\mB,)\\^u\\L2^B,) 
for alH, j = 1, 2, n. To see this, we first extend 77' — Jg^ 77' and u-' — -j^^ m-' 
from Bi to which yields the existence of 77*, S VFq'^(R^) such that 

(5.4) / |V77f<c/ |V?7T and / \Vu'\^<cf |Vu^f 
and 

(5.5) V^' = Wrf and Vu^' = Vu^ a.e. in Bi . 
Then by the results of [CLMS93] we know that 

||V^?7' • Vu^ ||„i(R2) : = / sup sup / ^0 f {^^rf ■ Vu^) {y)dy dx 

(5.6) < C|lV?r|lL2(R2)||VM^|U2(R2) < C\\V7j\\L2(B,)\\yu\\L2(B^) , 

where T = {</> € C°°(R2) : spt{(f>) C Bi and ||V0||loo < 100}. By (5.5), (5.6) and 
Definition A. 3, it is clear that 

(5.7) < llV^ry' • Vw^||„i(k2) < C\\Wv\\mB,)\\^u\\L2^B,)- 
This completes the proof of the theorem. □ 

In view of the discussions in Section 2, this also yields an alternative proof of 
Theorem 1.1. 

Appendix A. Wente's lemma and the local Hardy space 

A.l. Wente's lemma. An important ingredient in our estimates is Wente's lemma, 
see e.g. [BC84] and [He02], and for a generalized version, see e.g. [BG93] and 
[CL92]. 



Lemma A.l. (^We69]J Let a,b £ W^'^{Bi,R) and let w be the solution of 
(A.l) 



da db da db „ „ , , 
oy ox ox oy 
dw 

w — or — — =0 on OBi 

ov 



Then w £ C'^ C\ W^''^{Bi,^) and the following estimate holds 

(A.2) \\w\\L^^B,) + \\^w\\L^B^) < C\\\J a\\L^B^)\\^b\\L^B^) , 

where we choose J^^ w = for the Neumann boundary data. Here V = {dx,dy) 
and V"*- = {—dy, dx). 

Remark A.2. In fact, by Theorem 3.4.1 in [IIe02], we also have the following esti- 
mate for Vw in L^'^: 

(A.3) |lVu;|U2a(B,) < C!lVa|U2(BollV6|U2(B,)- 
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A. 2. Local Hardy space h^{Bi). Let us first recall the definition of the local 
Hardy space h^{Bi). 

Definition A. 3. ([Mi90]) Choose a Schwartz function e C^(Bi) such that 
Jg^ (pdx = 1 and let (f>t{x) = t^'^<f) (j). For a measurable function / defined in Bi 
we say that / lies in the local Hardy space h^{Bi) if the radial maximal function 
of/ 



(A.4) f*{x) 



sup 

0<t<l-|a:| 



t 



f{y)dy 



sup \(j)t * f \ (x) 

0<t<l-\x\ 



IBt{x) 

belongs to L^{Bi) and we define 

(A.5) \\f\W(B,) = \\.f*ix)\\LHB,)- 

It follows immediately that h^{Bi) is a strict subspace of L^{Bi) and < 

WfWhHBi)- 

Next we state an existence and regularity result for boundary value problems 
in the local Hardy space, which follows along the lines of a corresponding result 
in [Se94]. For a more general version we refer to Chang, Krantz and Stein's work 
in [CKS93]^. In order to make the paper self-contained, we decided to include the 
proof of the result below. 

Theorem A.4. (cf. [Se94, Theorem 1.100] and [CKS93, Theorem 5.1]^ Let f e 
h^{Bi) and assume that f > a.e. in Bi. Then there exists a function ip € 
L°° n W^''^{Bi) solving the Dirichlet problem 

= f m Bi, 

ip — on dBi . 

Moreover, there exists a constant C > such that 



(A.6) 



(A.7) 



L^{Bi 



|VV'||L^(i3,) < C||/|Ui(B,) 



Proof. The idea of the proof follows [Se94, Proposition 1.68]. Since the Green's 
function of A on Bi is given by ^ In for x G Bi, we can write 

(A.8) ^{x) - ^ ^ fiy) (in |.T - 2/1 - In ( ^ - \x\y dy . 

Let 6 £ C^{Bi) be a smooth bump function such that O<0<l,^ = liii B_i_ 
and spt(6') C Bi. For x £ Bi we define 



(A.9) Uy)=J2H^'(^-\^\~')(^-y)) iovyeB,. 

We claim that for any x,y E Bi 



(A.IO) 



201n2 < ln|x - - In 



+ lxiy) fi^2 < 201n2, 



^By the results of [Mi90], the local Hardy space h^{Bi) is just the local Hardy space HriBi) C 
hl.{Bi) (a function in 'H^(-Bi) is obtained by restricting a function in '^"'^(K^) to Bi) in [CKS93], 
therefore [CKS93, Theorem 5.1] is applicable in our case. 
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To see this, it is clear that ioi x,y E Bi such that 
(A.ll) 2-'' <\x-y\<2-''+\ k = No 

wc have 

(A.12) -fcln2 <ln|a;-?/| < (-fc + l)hi2. 

Now note that 

l-\x\-\x^y\<l-\x\ + \x\ -\y\^l-\y\<l- \x\ + \x~y\, 

and therefore for x G Bi_2-.-i \ i?i_2-', i-e., 1 - |a;| G [2"'"\2"*],i = No (with 
Bq = 0) and any y £ Bi satisfying (A.ll), we have 

'-'^'M [0,2- + 2--] 
We also have 

< (1 - N)(i-M)<(i- 1x^(1 -lyp) 



if fc > i + 4; 
if fc < i + 3. 



(A.13) 

and thus 

X 



\x~y\'<2^{l-\x\){l-\y\), 



x\y 



\x~y\^ e 



^2-2^-2 _ 2-2i+2 ^ 2-^-*^-+3] if /j > z + 4; 



[0,2-2 



2i-2 

2j+2 _|_ 2-''-'^+31 



if A: < i + 3. 



Combining this with (A.ll) we get 



\x\ 



^ — 2i — 2 _ i^ — i—k _|_ rj — 2fc 2^2i+2 _|_ r) — t — fe+3 ^ 2^2fc+2j jf ^ > j _|_ 4- 
^2-2fc^ 2-2'+2 _^ 2-'-'=+3 + 2-2fc+2] if fc < i + 3. 

Now using the facts that for fc > i + 4 we have 

2-2»-2 _ 2-'-^ + 2-2fe > 2-2^-4 2-2^+2 ^ 2-»-'=+3 + 2-2^+2 < 2-2'+4 

and for fc < i + 3 we have 

2-2i+2 ^ 2-''^'^+3 ^ 2~2fc+2 ^ 2~2A:+10 

we arrive at 

[2-2'-4^ 2-2^+4] iffc>z + 4; 
[2-2fc,2-2fc+i0] iffc<z + 3. 









•-I 







and hence 
(A.14) 



In 



\Ay 



[(i-2)ln2,(i + 2)ln2] if fc > i + 4; 
[(fc-5)hi2,fcln2] if/s<i + 3. 



Combining (A.12) and (A.14) we get 
(A.15) 

f [{-k + i-2) In 2, (-/c + i + 3) In 2] if /c > i + 4; 
I [-5 In 2, In 2] (in fact, [-5 In 2, 0]) if fc < i + 3, 



In y|— In 



for any x £ -Bi_2-'-i \ Bi_2-',i > 0, and any y G Bi satisfying (A.ll) for some 
A: > 0. 
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Now for any x E Bi_2-i-i \ i?i_2-»7* ^ 0, and any y £ Bi satisfying (A. 11), 
since < 9 < 1, 9 = 1 m B_i_ and spt(6') C Bi, we get that for any j > 

9 {2^ {1 - \x\y\x - y)) =0 for \x - y\ > 2-i-^{l-\x\) G [2-J-'-\2-^-'-^] 
and 

9{V{l^\x\)-'^{x- y)) = 1 for |a; - y| < 2-^-^{l ~ \x\) G p-^-'-s, 2-^-'-^] . 
Therefore (combining with (A. 11)), 

(A.16) 9(2?{\~\x\Y^{x-y)) for j>fc-i-3 

and 

(A.17) 61 (2^(1- |a;|)-i(x -?/)) = 1 if fc-l>j + t + 5 (i.e. j < /c - i - 6) . 

Hence for any x G i?i_2-!-i \ Bi_2-i,i > and any y G Bi such that 2"*"' < 
\x-y\< 2-'=+i for some A: = 0, 1, 2, (A.9), (A.16) and (A.17) imply 

(A.18) 



fc - j - 10 < l^{y) < k-i + 10 if fc > i + 4; 
lx{y)^0 iik<i + 3. 



Combining (A. 15) and (A.18) gives (A. 10). 

Therefore, in order to obtain the L°°-bound of ip on Bi as in (A. 7), it suffices to 
bound /g^ f{y)lx{y)dy since we have (A.8), (A.IO) and < ||/|Ui(Si)- 

In order to bound Jg^ f{y)lx{y)dy, we next claim that for any a; G Bi, j > and 
z G B2-j-i(^i-\x\)ix) we have 
(A.19) 

^ .ny)2^^+'il~\x\)-'9{2m~\x\)-\x-y))dy< j ^ ^^^^^ [l-l^ f [y)dy , 
where 

t^2-^-\l-\x\) 

and </) is a nonnegative Schwartz function as in (5.3). To see (A.19), we first note 
that since spt(6') C Bi , we have for any a; G i?i and j > 



/(y)22^+2(l - \x\)-^9 (2-'"(l - \x\r\x - y)) dy 
(A.20) =/ fiy)2'^+\l~\x\r^9{2\l-\x\)-\x^y))dy. 

Now since |(2-^-i) = 2-^-^ + 2-^-^ and 2-^-^ + 2-^-^ = ^2"^ < 1 for any 
j > 0, we see that for any z G B2-j-ni-\x\){x) 

(A.21) B2-.-3(i-ixl)(a;) C S,«(0) C St(z) = B2-.-i(i_|,|)(z) C Bi . 
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Using the facts that / >0, 0<6'<l,(/)>0 and = 2 on Bs we conclude 
/(y)22^+2(l - \x\)-^e{2^{l ~ \x\)-\x - y))dy 



2-j-3 (1- |x|) 



< 



< 



f{y)2'^+\\-\x\)-^dy< 



f{y)2^^^+\l-\x\)-^cj^'''y 



Bat (z) 
IT 



Bt{z) 



t 



dy = 



f{y)2'^+\l - \x\)-^dy 
^ ^ ^ f[y)dy. 



Btiz) 



Combining this with (A. 20) gives (A. 19). Therefore by (A. 19) and the definition 
(A. 4) of the radial maximal function /*, for any x £ Bi and j > we have 



f{y)e{2^{l^\x\)-\x~y))dy 



Bi 



<2-^^-^(l~\x\r ^ inf ^f*{z). 



Therefore, by (A. 9), for any x E Bi we have 
f{y)lx{y)dy 



(A.22) 



Bi 

OO 

< ^ 2^2,-2 

3=0 
98 °° 

<-y 

- Sir ^ 



00 

J=0 



\x\r inf 



fiy)e{2^il-\x\r'{x-y))dy 
r{z)dz 



J = 0-^ -^2-3-4(1- 1^1) (^)\-B2-j-5(l_ 1^1) (^) 

Combining (A.13), (A.IO) and (A.22) yields (using WJWlHb,) < \\.f\\hHB^)) 



\^{x)\ 



1 

'2^ 



Bi 



f{y) ln|a: - - hi 



Fly 



dy < C\\f\\hi(Bi) 



This gives the desired L°°-bound of ip onBi. The L^-estimate for Vt/j simply follows 
from an integration by parts argument as in the proof of Wentes's lemma. □ 
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